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Abstract. The directed and elliptic flows for different light particles and fragments in collisions of 40Ca +
40Ca and 112Sn + 112Sn at energies from 30MeV/nucleon to 100MeV/nucleon were studied in the isospin-
dependent quantum molecule dynamics model (IQMD). With increasing incident energy, the directed flow
rises from negative to positive, while the elliptic flow decreases with increasing the incident energies. The
directed flow for the 40Ca + 40Ca system is not sensitive to the nuclear equation of states (EOS), but the
directed flow for the 112Sn + 112Sn system is sensitive to the EOS. However, the elliptic flows for both
40Ca + 40Ca and 112Sn + 112Sn systems are not sensitive to EOS. A study of the dependence of directed
and elliptic flows on the fragment charge (mass) is also performed.

PACS. 25.75.-q Relativistic heavy-ion collisions – 24.10.Lx Monte Carlo simulations (including hadron and
parton cascades and string breaking models) – 25.70.-z Low and intermediate energy heavy-ion reactions

1 Introduction

Heavy-ion collisions (HIC) at intermediate and high
energies provide a possibility of studying the properties
of nuclear matter at different temperatures and different
densities. The nuclear equation of state (EOS) can be
researched via liquid-gas transition, multi-fragmentation
and collective flow produced in heavy-ion collisions [1–3].
Its knowledge is not only of interest in nuclear physics but
is also useful in understanding astrophysical phenomena
such as the evolution of the early universe and the
scenario of supernova explosions. One observable that has
been extensively used for extracting EOS from heavy-ion
collisions is the collective flow of various particles [4,
5]. The collective flow for different fragments deflected
sideward from the hot and dense region formed by the
overlap of projectile and target nuclei [6,7] was called
transverse flow or directed flow and this was often used to
extract the EOS. Such preferential emission of a particle
or a fragment is considered an important signature of
nuclear compression and expansion. In recent years, much
emphasis has been put on the study of the collective flow
and several groups have already performed experiments to
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study its disappearance [8–13] at a balance energy which
is closely related to the EOS. Experiments indicated an
energy dependence of the flow which changes from neg-
ative to positive with increasing the incident energy and
indicated a dominant interaction between two colliding
nuclei from mean-field interaction to nucleon-nucleon
collisions. The dependence of the directed flow on the
fragment mass was observed also for charge Z = 1 and
Z = 2 particles at energies up to 0.4AGeV [14–16]. This
observation suggests that heavier fragments may carry
more direct information on the bulk properties of nuclear
matter. But a systematic understanding of the mass de-
pendence of the collective fragment flow is lacking. So it is
important to study the fragment formation, the directed
flow and the elliptic flow because it would provide valu-
able data on the nuclear EOS and isospin-dependent N-N
cross-sections. In particular, the excitation function of
the transverse collective flow from low to ultra-relativistic
energies has been found especially interesting. On the
high-energy side, a minimum of the collective flow is
expected in reactions crossing the phase transition region
from hadronic matter to Quark-Gluon-Plasma. At inter-
mediate energies, the transverse collective flow disappears
at an incident energy, termed balance energy Ebal.
This phenomenon has been well established by many
experiments during the last decade. Simultaneously,
much theoretical work has been devoted to understand
the mechanism responsible for the disappearance of
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the transverse flow at the balance energy. It has long
been suggested that at balance energies the attractive
scattering dominant at energies around 10MeV/nucleon
balances the repulsive interactions dominant at energies
around 400MeV/nucleon. These efforts, however, have
been severely hindered by the dual sensitivities of balance
energies to both the nuclear EOS and the in-medium
nucleon-nucleon cross-sections [17,18]. The influence
of in-medium nucleon-nucleon cross-sections had been
investigated by measuring the experimental reaction
cross-sections [19]. From ref. [19], 0.8σcug is much better
than 0.6σcug and σcug by fitting experimental reaction
cross-sections. So, we adopt the in-medium cross-sections
0.8σcug in the IQMD for the calculation of the directed
and elliptic flows.

Recently, the isospin dependence of the collective flow
has also become an interesting subject of theoretical and
experimental investigation [20,21]. One knows that the
nuclear collective flow is a kind of collective phenomenon
found in intermediate- and high-energies heavy-ion colli-
sions, and the studies of the dependence of the directed
flow, the elliptic flow and the different-fragments flow on
beam energies, mass number, isospin and impact parame-
ter have revealed much interesting physics about the prop-
erties and origin of the collective flow. In past years, either
the directed flow or the elliptic flow has been studied sep-
arately in some papers, but combined researches with con-
sideration of isospin dependence are still very few. In this
paper, an endeavor will be made in this direction with the
isospin-dependent quantum molecule dynamics method.

2 QMD and IQMD model

The isospin dependence of collective flow has been studied
by Li et al. [22] and Zheng et al. [23] in terms of an isospin-
dependent Boltzmann-Uehling-Uhlenbeck (IBUU) model
in which the initial proton and neutron densities were cal-
culated from the nonlinear relativistic mean-field (RMF)
theory while the isospin dependence enters into the model
by using the isospin-dependent nuclear mean field. The
IBUU treats protons and neutrons explicitly and includes
an asymmetry term in the nuclear mean-field potential
and different scattering cross-section for protons and neu-
trons. However , the IBUU model cannot describe the flow
for different fragments well since it is a one-body transport
model and does not contain many-body correlation.

In the quantum molecule dynamics (QMD) model,
nuclei are represented by Gaussian-shaped density dis-
tributions. They are initialized in a shape with radius
R = 1.12A1/3, according to the liquid-drop model. Each
nucleon is supposed to occupy a volume �

3, so that the
phase space is uniformly filled. The QMD model is a n-
body theory which simulates heavy-ion reactions at inter-
mediate energies on an event-by-event basis.

In order to explain experimental results much better,
the original version of the QMD model [24] was improved
to include isospin degrees of freedom explicitly and
include the isospin dependence as for the Coulomb
potential, symmetry potential, N-N cross-sections and

Pauli blocking, and this was called the IQMD model.
The former IQMD model [25] only includes the isospin
dependence as for a symmetry potential and explicit
Coulomb forces between the ZP and ZT protons. In
addition, in initialization of projectile and target nuclei
via using the nonlinear relativistic mean-field (RMF)
theory [26], neutrons and protons will be sampled in
phase space separately because of the great difference
between proton and neutron density distributions for
nuclei far from the β-stability line. The coordinates of the
particle ground state and momentum distribution can be
achieved by analyzing the time evolution. Some isospin
effects of heavy-ion collisions at intermediate energies can
be successfully explained with the IQMD model [27,28].
Using the IQMD model, we have studied the directed
and elliptic flows and the flow of different fragments in
the reactions of the 112Sn + 112Sn and 40Ca + 40Ca
systems which have a great difference in the combined
mass. Meanwhile, the roles of the impact parameter and
the nuclear EOS have also been studied in this paper.

The IQMD model can explicitly represent the many-
body state of the system and contains correlation effects to
all orders and all fluctuations. It has basically two advan-
tages: 1) the many-body process, in particular, the forma-
tion of complex fragments is treated and 2) the model al-
lows for an event-by-event analysis of heavy-ion reactions
similar to the methods which is used for the analysis of ex-
perimental high-acceptance data. The IQMD model pro-
vides some information about both the collision dynam-
ics and the fragmentation process. Even though the BUU
model can describe the one-body observable very success-
fully, it cannot describe the formation of the cluster well.
In this work, the fragment is recognized in terms of the so-
called modified coalescence model, in which particles with
a relative momentum smaller than P0 and a relative dis-
tance smaller than R0 are considered to belong to one frag-
ment. We adopted the parameters R0 = 2.4 fm and P0 =
200 fm/c. Then we checked further whether the fragment
is or is not an isotope existing in the nuclear data sheets. If
it is, the fragment can be accepted. Meanwhile, in order to
get rid of the nonphysical fragments, only the reasonable
fragments are selected. Therefore, the present model to
construct fragments is an extended version of the conven-
tional coalescence model by considering self-consistently
the isospin constraint and aggregation procedure.

The time evolution of the system is determined by the
classical canonical equation of motion

ṗi = −∂〈H〉
∂ri

; ṙi =
∂〈H〉
∂Pi

. (1)

The IQMD model is classical in essence as shown in
eq. (1). However, many important quantum features are
included in the model. A comprehensive review can be
found in ref. [21].

3 Calculation and results

Taking the beam direction along the Z-axis and the reac-
tion plane on the X-Z plane, the elliptic flow is then de-
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termined from the average difference between the square
of the X and Y components of the particles transverse
momentum [29–32], i.e.

V2 =

〈
P 2

x − P 2
y

P 2
x + P 2

y

〉
. (2)

It corresponds to the second Fourier coefficient in the
transverse-momentum distribution [33,34]. V2 > 0 de-
scribes the eccentricity of an ellipse-like distribution and
indicates the in-plane enhancement of particle emission, a
rotational behavior. While V2 < 0 shows the property of
the squeeze-out effect perpendicular to the reaction plane.
V2 = 0 means the isotropic distribution in the transverse
plane. Usually, V2 = 0 is extracted from the mid-rapidity
region. The directed-flow parameter at mid-rapidity is de-
fined by

F =
d〈Px〉
dy

∣∣∣∣
ycm=0

. (3)

The potential of the IQMD model used in the present
study includes an asymmetry term in the nuclear mean-
field potential. The nuclear mean-field potential is param-
eterized as

U
(
ρ, τz

)
= α

(
ρ

ρ0

)
+ β

(
ρ

ρ0

)σ

+ c

(
ρp − ρn

ρ0

)
τz, (4)

where ρ0 is the normal nuclear density; ρ, ρn and ρp are
the nucleon, neutron and proton densities, respectively;
and τz equals 1 for protons and −1 for neutrons and c is
chosen to be 32MeV. The total interaction potential of
the system in the IQMD model is given by

U tot = U + UYuk + UCoul + USym + UMDI (5)

with U the density-dependent potential, UYuk the Yukawa
potential, UCoul the Coulomb energy, USym the symme-
try energy term, and the UMDI momentum-dependent in-
teraction. We have chosen a stiff equation of state with
a compressibility of K = 380MeV or a soft equation of
state with a compressibility of K = 220MeV.

The directed and elliptic flows and the flow of the frag-
ment in the reactions 40Ca + 40Ca and 112Sn + 112Sn are
calculated at different incident energies, different impact
parameters and different EOSs. The directed flow is re-
lated to the slope of the in-plane transverse momentum
on the mid-rapidity (|y/yp| ≤ 0.25) in the c.m. system.
For each impact parameter, a calculation of 1000 events
is performed. In the present calculations, it is found that
the directed and elliptic flows have been saturated around
a time of 120 fm/c. The results shown here actually cor-
respond to the statistical average value of 5000 “events”
which come from the sum of five time intervals from 120
to 200 fm/c in each event.

As we know, the symmetry energy is very important in
the nuclear potential for asymmetrical nuclear matter. In
this work, the symmetry energy c is chosen to be 32MeV.
From fig. 1(a), we can clearly see that the density distri-
bution of the proton and neutron is almost the same in
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Fig. 1. Density distribution of proton (dotted line), neutron
(dashed line) and matter (solid line) for 40Ca + 40Ca collisions
(a) and 112Sn + 112Sn collisions (b) by using the Relativistic
Mean-field (RMF) theory.
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Fig. 2. Directed and elliptic flows of all particles for 40Ca +
40Ca and 112Sn + 112Sn collisions at different incident energies,
• for soft EOS and ◦ for stiff EOS.

the 40Ca nucleus. But there still is a little difference be-
tween the proton and neutron density when the distance
is large enough. The symmetry energy plays just a little
role for the nuclear potential of such nuclei. The elliptic
and directed flows are almost the same for different sym-
metry energies [35]. But for 112Sn, the density distribution
of the proton and neutron has a greater difference than for
the case of the 40Ca nucleus, the symmetry energy may
play a more important role for the nuclear potential. The
elliptic and directed flows may have a big difference for dif-
ferent symmetry energies due to greatly different proton
and neutron density distributions in 112Sn, see fig. 1(b).
It seems that the symmetry energy is sensitive to those
nuclei which have a large proton-neutron ratio. The den-
sity distributions of proton, neutron and matter for 40Ca
and 112Sn in fig. 1 are calculated by using the Relativistic
Mean-field (RMF) theory. The solid line corresponds to
the matter distribution, the dotted line to the proton dis-
tribution and the dashed line to the neutron distribution
in 40Ca and 112Sn nuclei.
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Figure 2 shows the directed flow and elliptic flow for
40Ca + 40Ca and 112Sn + 112Sn collisions at different
incident energies. Solid-dot symbols correspond to soft
potential and open-dot symbols to stiff potential. From
fig. 2(a) and (b), we see that the directed flow increases
with increasing incident energy. For the 40Ca + 40Ca sys-
tem, the balance energy, i.e., the energy of disappearance
of the directed flow is almost the same near 110MeV for
soft and stiff EOSs, see fig. 2(a). But the balance energy
of the 112Sn + 112Sn system is different for soft and stiff
EOSs. With the soft potential it is near 85MeV and with
the stiff potential it is near 70MeV, see fig. 2(b). The
balance energy of the directed flow for the soft potential
is larger than that of the stiff potential for 112Sn + 112Sn.
From the comparison of the two systems, the directed flow
of the 112Sn + 112Sn system is sensitive to the equation
of nuclear state (EOS) and that of 40Ca + 40Ca is not
very sensitive to the EOS. It probably implies that the
different system mass includes the different sensitivity to
the EOS as pointed out in ref. [16]. In ref. [16], the mass
dependence of the disappearance of the directed flow in
nuclear collisions was shown. However, when the system
mass is around 70, the balance energy is not sensitive to
the EOS. However, when the system mass is large or small
enough, the difference of balance energy is shown for the
soft EOS and the stiff EOS. 40Ca and 112Sn differ not
only in isospin but also in mass. A system size dependence
of the balance energy has been observed experimentally.
The sensitivity of the balance energy to the EOS in 112Sn
+ 112Sn might be the increased stopping in the heavier
system. This effect can be studied by switching off the
isospin-dependent parameters in the IQMD model. The
Boltzmann-Uehling-Uehlenbeck (BUU) model was used in
ref. [16]. Compared with the experimental balance energy,
BUU calculations can reproduce the scaling with mass
but underestimate the balance energy Ebal systematically.
The IQMD fits the incident-energy dependence of the
directed flow and also the scaling with mass of the balance
energy, but the value of Ebal in IQMD is in general larger
than the experimentally measured value [36,37]. Our
calculations agree with this. In fig. 2(c) and (d), all the
values of the elliptic flow are positive and decrease with
increasing the incident energy which indicates that the
rotational behavior becomes weak with increasing the
incident energy, but the squeeze-out never reveals below
90MeV/nucleon for both systems, even though the di-
rected flow changes from negative to positive. For 40Ca +
40Ca and 112Sn + 112Sn at 30MeV/nucleon the incident
energy is smaller, the elliptic flow is greatly different in
the case of the soft potential with respect to the case of
the stiff potential due to the fact that the N-N scattering
effect at low energies is not strong enough and the nuclear
mean-field potential is dominant. However, there will be
only a small difference in the elliptic flow between the
soft potential and the stiff potential with larger incident
energy. Overall, the elliptic flow is not very sensible to
the nuclear EOS in the studied reaction systems. The
quoted error bars in the figure are statistical errors.
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Fig. 3. Directed flows of all particles for 112Sn + 112Sn col-
lisions at different impact parameters, � for soft EOS and �
for stiff EOS.

In order to study systematically the relationship of the
balance energy with the impact parameter and the inter-
action potential, the 112Sn + 112Sn system is carefully
investigated at different impact parameters with different
potentials. When the impact parameter is 3.0–4.5 fm, the
balance energy with the soft potential is near 85MeV and
that with the stiff potential is near 70MeV as shown in
fig. 3(a). While the impact parameter is 0–1.5 fm, the bal-
ance energy with the soft potential is near 70MeV and
that with the stiff potential is near 60MeV, as shown
in fig. 3(b). In fig. 3, the up-triangles correspond to the
soft potential and the down-triangles to the stiff poten-
tial. Therefore, the balance energy depends strongly on
the nuclear equation of state as well as the impact param-
eter for 112Sn + 112Sn. In ref. [38,39], the balance energy
has been measured for a large range of systems. Central
collisions are adopted in an experiment which is almost in
agreement with our calculation. If one wanted to extract
some information on the nuclear equation of state from
the excitation function of the directed flow for a system
like 112Sn + 112Sn, the effect of the impact parameter on
the directed flow should be considered carefully.

The investigation of the directed and elliptic flows at
different impact parameters are made and compared in
fig. 4. Figure 4 shows the impact parameter dependence
of directed and elliptic flows. The four impact parame-
ter regions 0–1.5 fm, 1.5–3.0 fm, 3.0–4.5 fm, 4.5–6.0 fm for
the 112Sn + 112Sn system and the four impact parameters
0 fm, 2 fm, 3.8 fm and 6 fm for the 40Ca + 40Ca system
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Fig. 4. Directed and elliptic flows of all particles for 40Ca +
40Ca (left) and 112Sn + 112Sn (right) collisions for different
impact parameters at an incident energy of 50MeV/nucleon.
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at an incident energy of 50MeV/nucleon are used in the
calculation. The directed flows are all negative while the
elliptic flows are all positive at different impact param-
eters for both systems at this energy. The directed and
elliptic flows strongly depend on the impact parameters.
When the impact parameter increases, the absolute value
of the directed flow increases and reaches saturation ap-
proximately in semi-peripheral collisions, while the ellip-
tic flow increases in the positive direction. These obser-
vations are consistent with the experimental observation
and other theoretical works [40–45].

As mentioned above, one advantage of the IQMD
model is its fragment formation. In addition, some im-
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portant dynamics and the process of disintegration infor-
mation can be achieved. According to the charge num-
ber, we extract three kinds of different fragment flows.
The open circles represent the flow of fragments with
Z = 0; the open up-triangles represent the flow of frag-
ments with Z = 1 and the open down-triangles represent
the flow of fragments with Z = 2. At an incident energy
of 50MeV/nucleon and the four impact parameters, i.e.
0 fm, 2 fm, 3.8 fm and 6 fm for the 40Ca + 40Ca system,
fig. 5 shows that the absolute values of the directed and
the elliptic flows enhance as the charge number increases.
Because of the low statistical number, there is statistical
fluctuation. In order to accumulate the sufficient statistics
and reduce the statistical fluctuation, we define three bins
of different fragment regions according to the charge num-
ber: the open circles represent the flow of the fragment of
neutrons and Z = 1 particles; the open up-triangles rep-
resent the flow of fragments with Z = 2–4 and the open
down-triangles represent the flow of fragments with Z ≥ 5.
At an incident energy of 50MeV/nucleon for the 40Ca +
40Ca and 112Sn + 112Sn systems with the same impact
parameter as above, the absolute values of the directed
and the elliptic flows enhance as the charge (or mass) in-
creases, i.e. the heavier fragment flow is stronger than the
light one, see fig. 6 with better statistics.

In order to further investigate the elliptic flow of dif-
ferent fragments, the excitation function of the elliptic
flow of different fragments for 40Ca + 40Ca at b = 2 fm
with the stiff potential and the soft potential is depicted
in fig. 7. From fig. 7, the elliptic flows of heavier frag-
ments are much larger than those of lighter fragments
with either the soft or the stiff potential. The elliptic
flow decreases with increasing incident energies. There
is an obvious difference among the three different frag-
ments at low incident energy. When the incident energy
increases, the difference between the elliptic flow of the
different fragments decreases. Around 100MeV/nucleon
the elliptic flow changes very slowly with incident energy
and tends to vanish. But the squeeze-out which has a neg-
ative elliptic flow never happens below incident energies
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Fig. 7. Dependence of the elliptic flow on incident energy for
different fragments with stiff and soft potentials.

less than 100MeV/nucleon. Maybe, the squeeze-out will
happen even at high energies for these two systems. From
these calculations it is shown that the elliptic flow is not
very much sensitive to the potential for these two systems
at incident energies below 100MeV/nucleon.

4 Summary and conclusions

In summary, the IQMD model has been used to study the
directed and elliptic flows in the collisions of 40Ca + 40Ca
and 112Sn + 112Sn at different impact parameters and
different fragment flows from 30 to 100MeV/nucleon. It is
found that a transition in the directed flow from negative
to positive is revealed as the incident energy increases.
A strong dependence on the nuclear EOS is seen in the
directed flow at different incident energies for 112Sn +
112Sn, but this is not so for 40Ca + 40Ca. For both
systems the directed flow depends strongly on the impact
parameters. The elliptic flow decreases with increasing
incident energy and increases with increasing impact
parameter for both systems. The elliptic flow and the
directed flow are observed to be stronger as the fragment
charge/mass increases for both systems. In comparison
with the directed flow, the elliptic flow is not very sensitive
to the EOS for both systems. By this study, we find that
there may exist a different sensitivity to EOS for different
kind of flow and different systems. Hence, it will be
helpful to choose the system and type of flow for probing
the EOS before the comparison with the data is made.
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